The Riemann problem for a one-dimensional nonlinear wave system with different gamma laws is considered. By the properties of wave curves, we observe that this system does not contain the composite wave compared to the barotropic models of gas dynamics with different pressure laws. Under some initial value data, the Riemann solution is constructed. Using the interaction of the elementary waves, we consider the generalized Riemann problem and discover that the Riemann solution is stable for such perturbation of the initial data.
Introduction
One-dimensional nonlinear wave system with the variable gamma laws which only depends on the spatial coordination is described as follows: which is similar to the model of a mixture of gases governed by different gamma laws in [, ] . In the two papers, they used the front tracking algorithm and the Glimm scheme to prove that the Cauchy problem has a global, weak solution under some conditions, respectively. We also see the results for the model of an inviscid fluid capable of undergoing phase transitions, which is a simplified version of the model proposed by Fan [] . For the related results, we can see [-] .
In this paper, we focus on the Riemann problem for system (.) with piecewise constant initial data and the interaction between the elementary waves and the stationary contact wave. We observe that the corresponding Riemann solution is similar to that of the model of onedimensional adiabatic flow in Lagrangian coordinates, we also see the related results [-] for details.
The organization of this paper is as follows. In Section , we describe the properties of wave curves and construct the Riemann solution. In Section , we consider the initial value problem with three constant states. By the interaction between the stationary contact wave and the shock wave or rarefaction wave, the global solutions are constructed. Moreover, we obtain that the solution of the perturbed initial value problem converges to the corresponding Riemann solution as ε approaches zero, which shows the stability of the Riemann solution for the small perturbation.
The solution to the Riemann problem
Setting the dependent variable U = (ρ, m, γ ), the Jacobian matrix of system (.) is in the form
which has three eigenvalues
together with the corresponding eigenvectors
The first and the third families are genuinely nonlinear, and the second family is linearly degenerate. In order to analyze the solutions to system (.), we need to look at the wave curves.
Wave curves
Since Eqs. (.) and the Riemann data are invariant under uniform stretching of coordinates
By taking the self-similar transform ξ = x/t, the Riemann problem is reduced to the boundary value problem of the ordinary differential equation
For smooth solutions, Eqs. (.) can be rewritten as
It follows from (.) that besides the constant solution (ρ > ), it provides a rarefaction wave which is a continuous solution of (.) in the form U(ξ ). Given a left state U = (ρ , m , γ ), the rarefaction wave curves are the set of all right states U = (ρ, m, γ l ) that can be connected to the left by a rarefaction wave in the first family, and they are as follows:
Similarly, for a given right state U r = (ρ r , m r , γ r ), the rarefaction wave curve which is the sets of states U = (ρ, m, γ r ) that can be connected on the right in the third family is described as follows:
For a bounded discontinuous solutions, the Rankine-Hugoniot condition holds: is the velocity of the discontinuity. It follows from the third equation of (.) that
Under the condition [γ ] =  and the Lax shock inequalities, the possible state U = (ρ, m, γ l ) can be connected to the left state U l on the right by a one-shock wave given by
with the shock velocity
Similarly, for a given right state U r = (ρ r , m r , γ r ), we can obtain that the possible state U = (ρ, m, γ r ) can be connected to the right state U r on the left by a three-shock wave given as follows:
The second family is linearly degenerate, that is, σ = , which implies that it is a stationary contact wave. From system (.), it satisfies
The curve which is the sets of states U + = (ρ + , m + , γ r ) that can be connected to U -= (ρ -, m -, γ l ) by the stationary contact wave is
(.)
Remark  As a consequence, the γ (x) remains constant across a rarefaction wave or a shock wave and only changes along the contact wave. In addition, the shock speed σ does not vanish, i.e., there is not a stationary shock. So system (.) does not contain the curves of composite waves [-].
The properties of the elementary waves
To solve (.) and (.), we project all the wave curves on the (ρ, m)-plane. Now, let us investigate the properties of the wave curves.
Lemma . The curve R  (U l , U) is monotonic decreasing and concave, while R  (U r , U) is monotonic increasing and convex.
Proof By (.), the curve R  (U, U l ) can be rewritten as
Differentiating the above equation with respect to ρ gives
is monotonic decreasing and concave. Similarly, we can prove that R  (U r , U) is monotonic increasing and convex.
Lemma . The curve S  (U l , U) is monotonic decreasing and concave, while S  (U, U r ) is monotonic increasing and convex.
Proof Here, we only prove the result for the case S  (U l , U), and the other case can be studied in a similar method. We obtain from (.) that
Differentiating the above equation with respect to ρ reduces to
where we use the fact that ρ > ρ l for S  (U l , U). Furthermore, we have
Next, let us consider the term
which gives
Using (.), we have
Combining (.) and (.) gives that the curve S  (U l , U) is monotonic decreasing and concave. Similar arguments lead to the result that S  (U r , U) is monotonic increasing and convex. Therefore, we complete the proof.
Let the one-rarefaction wave R  (U, U  ) and the one-shock wave S  (U, U  ) (or the threerarefaction wave R  (U, U  ) and the three-shock wave S  (U, U  )) pass through the point P  = (ρ  , m  , γ l ) respectively, we have the following lemma.
Lemma . The curves R
Similarly, we obtain from (.) that
Combining (.) and (.), we know that the curve R  (U, U  ) contacts with S  (U, U  ) at point P  up to the second order. Similar calculations show that the other result of the lemma is true. So, the proof is completed.
The Riemann solution
In this paper, we only consider the case γ l > γ r and can obtain the corresponding results for the other case γ l < γ r in a similar way. For simplicity, we take A =  in (.).
Given the left state U l = (ρ l , m l , γ l ) and the right state U r = (ρ r , m r , γ r ), we consider the projection of the wave curves in the (ρ, m)-plane. Let U -= (ρ -, m -, γ l ) and U + = Case . w l > z r and m l < z r , the RP( 
We have f (ρ) > , which implies that the function f (ρ) is increasing with respect to the variable ρ. It is obvious that f () = -(w l -z r ) <  and
In view of the properties of the function f (ρ), we conclude that Eq. (.) has a unique solution. RP(U l , U r ) is shown in Figure  .
In the following cases, we can obtain the uniqueness of the corresponding Riemann solution and omit the details. Case . z r < m l < m r and w l < m r . By virtue of (.) and (.), we have
is demonstrated by (.) and
which is shown in Figure  
The corresponding Riemann solution RP(U l , U r ) is U l + S  + U -+ J  + U + + S  + U r , which is shown in Figure  . Similarly, we also obtain S  = S  (U l , U -) and S  = S  (U + , U r ).
Case . w l < z r , we get that Remark  We have demonstrated the corresponding Riemann solutions for the case ρ -> . For the case  < ρ -< , we note ρ -> ρ + for γ l > γ r and easily obtain the Riemann solutions by similar methods.
We have constructed the Riemann solutions for all the cases and have the following theorem. 
Theorem . There exists a unique solution for Riemann problem (.) and (.).

Interaction between the stationary contact wave and the elementary waves
In this section, we only consider the interaction of the stationary contact wave with the rarefaction wave or the shock wave. As for the interaction between the rarefaction wave and the shock wave, we may see [, ] or other related results. Since the speed of onewave (R  or S  ) is less than zero and that of three-wave (R  or S  ) is greater than zero, the interaction of the stationary contact wave with the shock or the rarefaction wave may be divided into four cases:
Case . The collision of J  and S  .
We give the corresponding initial value with three-piece constant states as follows:
where ε is a small positive number.
Assume that there are a stationary contact wave J  (U l , U  ) and a one-shock wave S  (U  , U r ), as shown in Figure  , where
First, we consider the subcase ρ -> , see Figure  . It is clear that when J  collides with S  at some point, the new Riemann problem is formed. We claim that the corresponding
In order to obtain the above statement, let us claim that ρ + > ρ  , where U  ∈ S  (U  , U) and m -= m  = m + . The reason is as follows.
We note that
by the first equality of (.), we have
Note γ l > γ r , if ρ l > , and we have
So, we get
We obtain from (.) that
Combining (.) and (.), we get ρ > ρ, which is contradiction to p  ≥ p + . So, we have p  < p + , which implies the claim. If ρ l < , we have ρ  <  and also obtain similar results. For the subcase ρ -< , we can obtain similar results and omit the details here. In the following cases, we only consider the subcase ρ -> .
Furthermore, we observe that as ε → , the limit of the solution of (.) and (.) is the corresponding Riemann solution of (.) and (.).
Case . The collision of J  and R  .
Suppose that there are a stationary contact wave J  (U l , U  ) and a one-rarefaction wave R  (U  , U r ), as shown in Figure  . For the initial value problem, we may see (.) in the case. Similarly, when J  collides with R  at some point, the new Riemann problem is formed. We draw a one-rarefaction wave R  (U l , U -) from U l to U -and a three-rarefaction wave R  (U + , U r ) from U r to U + . Here U ± satisfies that m -= m + and m l < m ± < m r . Then the new Riemann solution is Figure  . To prove the result, we only need to show that ρ + < ρ  , where U  ∈ R  (U  , U r ) and m -= m + = m  . Then we have
Next, we prove that the Riemann solution is not
We can obtain from the first equation of (.)
Together with the last three equalities of (.), we have
By the fact that Thus, the result is verified. Moreover, it is clear that as ε → , the solution of the initial value problem transforms into RP(U l , U r ).
Case . The collision of S  and J  . To discuss the interaction between S  and J  , we consider the initial value problem with three-piece constant states
Assume that there are a three-shock wave S  (U l , U  ) and a stationary contact wave J  (U  , U r ), and they collide with each other at a finite time, as shown in Figure  . Meanwhile, a new Riemann problem is formed, the corresponding Riemann solution is denoted by RP(U l , U r ). We draw a one-rarefaction wave R  (U l , U -) from U l to U -and a three-shock wave S  (U + , U r ) from U r to U + . Here U ± satisfies that m -= m + , m ± > m l and m ± > m r .
Then the new Riemann solution
If ρ -> , which indicates ρ + > , we have ρ r > , which implies ρ  > . If ρ -< , we have ρ + < , which implies ρ r < .
For this subcase ρ -> , we claim that the Riemann solution is not Figure  . To prove the result, it is sufficient to show that ρ l > ρ n , where U n ∈ S  (U + , U r ), U l ∈ J  (U l , U) and m l = m l = m n . So, we have
From the first equality of (.), we get
which implies ρ l > ρ n and ρ  > . This is not true. So, we prove the above statement. As ε → , the solution of the initial value problem reduces to RP(U l , U r ). Case . The collision of R  and J  . Suppose the initial value described as (.), there are a three-shock wave R  (U l , U  ) and a stationary contact wave J  (U  , U r ), and they collide with each other at a finite time, as shown in Figure  . Then a new Riemann problem is formed. In order to clarify the construction of the corresponding Riemann solution RP(U l , U r ), we show ρ l < ρ n , where If ρ l ≥ ρ n , then p l = p l ≥ p n . Setting ρ = ρ  -ρ l and ρ = ρ r -ρ n , we have ρ ≥ ρ. From the first equality of (.), we get
which implies ρ l < ρ n for γ l > γ r . This is contradiction to the assumption. Then we prove the above statement. Now, we draw a one-shock wave S  (U -, U l ) from the state U l and a three-rarefaction wave R  (U + , U r ) from the state U r . Here U ± satisfies that m -= m + , m ± < m l and m ± < m r . Then the Riemann solution RP(U l , U r ) is U l + S  (U -, U l ) + U -+ J  (U -, U + ) + U + + R  (U + , U r ) + U r , see Figure  .
In addition, it is not difficult to find that RP(U l , U r ) is the limit of the solution of the initial value problem.
So far, we have discussed the interactions of the contact wave with the rarefaction wave or the shock wave and have constructed the solutions for the initial value problem (.) and (.) or (.). Therefore, we obtain the following theorem. 
Concluding remarks
In this paper, we present the Riemann problem and the interactions of the stationary contact discontinuity with the elementary waves. We discover the stability of the generalized Riemann problem, but do not observe the composite wave, which motivates us to consider the related problems including the coupling of two different hyperbolic systems.
